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The	Tangloids	mathematical	game	is	a	mathematical	game	for	two	players	created	by	Piet	Hein	to	model	the	calculation	of	the	impelings.	Tangloid	equipment	A	description	of	the	game	appeared	in	the	book	"The	new	mathematical	diversions	of	Martin	Gardner	from	Scientific	American"	by	Martin	Gardner	since	1996	in	a	section	on	the	mathematics	of
the	braid.	[1]	[2]	[3]	Two	blocks	of	wood	plates	each	perforated	with	three	small	holes	are	united	with	three	parallel	strings.	Each	player	keeps	one	of	the	wooden	blocks.	The	first	player	still	keeps	a	wooden	block,	while	the	other	player	revolves	the	other	wooden	block	for	two	complete	revolutions.	The	rotation	surface	is	perpendicular	to	the	ropes
when	not	tangled.	The	ropes	now	overlap	each	other.	Then	the	first	player	tries	to	detach	the	ropes	without	rotating	a	piece	of	wood.	Only	translations	(Moving	the	pieces	without	rotation)	are	allowed.	Later,	the	players	reversing	the	roles;	Anyone	who	can	unplug	the	more	faster	string	is	the	winner.	Try	it	with	a	single	revolution.	The	ropes	are
obviously	superimposed	again,	but	cannot	be	detached	without	rotating	one	of	the	two	wooden	blocks.	The	trick	of	the	Balinese	cup,	which	appears	in	the	dance	of	the	Balinese	candle,	is	a	different	illustration	of	the	same	mathematical	idea.	The	anti-twister	mechanism	is	a	device	intended	to	avoid	these	orientation	stitching.	A	mathematical
interpretation	of	these	ideas	can	be	found	in	the	article	on	Quaterternioni	and	spatial	rotation.	Mathematical	joint	This	game	serves	to	clarify	the	notion	that	rotations	in	space	have	properties	that	cannot	be	explained	intuitively	considering	only	the	rotation	of	a	single	rigid	object	in	space.	The	rotation	of	the	vectors	does	not	include	all	the	properties
of	the	abstract	model	of	rotations	given	by	the	rotation	group.	The	property	that	is	illustrated	in	this	game	is	formally	in	mathematics	as	"the	double	coating	of	SO(3)	from	SU(2)".	This	abstract	concept	can	besketched	as	follows.	Rotations	in	three	dimensions	can	be	expressed	as	3x3	matrices,	a	block	of	numbers,	one	for	X,	Y,	Z.	If	you	consider	small
rotations	arbitrarily,	are	brought	to	the	conclusion	that	rotations	form	a	space,	as	if	each	rotation	is	considered	as	a	point,	then	there	are	always	other	nearby	points,	other	nearby	rotations	that	differ	only	from	a	small	quantityIn	small	neighborhoods,	this	collection	of	close	points	resembles	Euclidean	space.	In	fact,	it	resembles	three	-dimensional
Euclidean	space,	as	there	are	three	different	possible	directions	for	infinitesimal	rotations:	X,	Y	and	Z.	This	correctly	describes	the	structure	of	the	rotation	group	in	small	neighborhoods.	For	sequences	of	large	rotations,	however,	this	model	breaks;	For	example,	by	turning	to	the	right	and	then	lying	down	it	is	not	the	same	to	lie	down	first	and	then
turn	right.	Although	the	rotation	group	has	the	structure	of	the	3D	space	on	a	small	scale,	which	is	not	its	large	-scale	structure.	Systems	that	behave	like	Euclidean	space	on	a	small	scale,	but	possibly	have	a	more	complicated	global	structure	are	called	collectors.	Among	the	famous	examples	of	the	collectors	are	the	spheres:	at	a	global	level,	they
are	round,	but	locally,	they	feel	and	look	for	flat,	ergo	"weak	land".	The	careful	examination	of	the	rotation	group	reveals	that	it	has	the	structure	of	an	S	3	{\	Displaystyle	S^{3}}	with	opposite	points	identified.	Cié	means	that	for	each	rotation,	there	are	in	fact	two	different	opposite	points,	distinct	and	polar	on	the	3Sifera	that	describe	that	rotation.
This	is	that	tangloids	illustrate.	The	illustration	is	actually	quite	intelligent.	Imagine	carrying	out	the	rotation	of	360	degrees	one	degree	at	a	time,	like	a	set	of	small	steps.	These	steps	take	you	to	a	path,	on	a	journey	on	this	abstract	collector,	this	abstract	space	of	Upon	completion	of	this	360-degree	path,	it	did	not	come	home,	but	rather	to	the	polar
polar	polar	point.	And	one	is	stuck	there	--	one	can't	actually	get	back	to	where	one	started	until	one	makes	another,	a	second	journey	of	360	degrees.	The	structure	of	this	abstract	space,	of	a	3-sphere	with	polar	opposites	identified,	is	quite	weird.	Technically,	it	is	a	projective	space.	One	can	try	to	imagine	taking	a	balloon,	letting	all	the	air	out,	then
gluing	together	polar	opposite	points.	If	attempted	in	real	life,	one	soon	discovers	it	can't	be	done	globally.	Locally,	for	any	small	patch,	one	can	accomplish	the	flip-and-glue	steps;	one	just	can't	do	this	globally.	(Keep	in	mind	that	the	balloon	is	S	2	{\displaystyle	S^{2}}	,	the	2-sphere;	it's	not	the	3-sphere	of	rotations.)	To	further	simplify,	one	can	start
with	S	1	{\displaystyle	S^{1}}	,	the	circle,	and	attempt	to	glue	together	polar	opposites;	one	still	gets	a	failed	mess.	The	best	one	can	do	is	to	draw	straight	lines	through	the	origin,	and	then	declare,	by	fiat,	that	the	polar	opposites	are	the	same	point.	This	is	the	basic	construction	of	any	projective	space.	The	so-called	"double	covering"	refers	to	the
idea	that	this	gluing-together	of	polar	opposites	can	be	undone.	This	can	be	explained	relatively	simply,	although	it	does	require	the	introduction	of	some	mathematical	notation.	The	first	step	is	to	blurt	out	"Lie	algebra".	This	is	a	vector	space	endowed	with	the	property	that	two	vectors	can	be	multiplied.	This	arises	because	a	tiny	rotation	about	the	x-
axis	followed	by	a	tiny	rotation	about	the	y-axis	is	not	the	same	as	reversing	the	order	of	these	two;	they	are	different,	and	the	difference	is	a	tiny	rotation	in	along	the	z-axis.	Formally,	this	inequivalence	can	be	written	as	x	y	¢Ã​Â​Â	y	x	=	z	{\displaystyle	xy-yx=z}	,	keeping	in	mind	that	x,	y	and	z	are	not	numbers	but	infinitesimal	rotations.	They	don't
commute.	One	may	then	ask,	"what	else	behaves	like	this?"	Well,	obviously	the	3D	rotation	matrices	do;	after	all,	the	whole	point	is	that	they	do	Perfectly	describe	rotations	in	3D	space	mathematically.	As	happens,	however,	there	are	also	2x2,	4x4,	5x5	matrices,	...	which	also	have	this	property.	You	can	reasonably	ask	"OK,	so	what	is	the	form	of	their
varieties?".	For	the	2x2	case,	the	algebra	of	lie	is	called	on	(2)	and	the	variety	is	called	on	(2),	and	curiously,	the	variety	of	su	(2)	is	the	3-sepper	(but	without	the	projective	identification	of	polar	opposites).	This	now	allows	you	to	play	some	makeup.	Take	a	vector	V	ã	¢	â	€	Â	€	'=	(V	1,	V	2,	V	3)	{\	displastyle	{\	vec	{v}}	=	(v_	{1},	v_	{2},	v_	{3})}	in
space	Ordinary	3D	(our	physical	space)	and	applies	a	rotation	matrix	r	{\	dysplaystyle	r}.	One	gets	a	rotated	carrier	r	v	ã	¢	â	€	{\	displastyle	r	{\	vec	{v}}}.	This	is	the	result	of	the	application	of	an	ordinary	rotation,	"common	sense"	on	v	ã	¢	â	€	{\	displastyle	{\	vec	{v}}}.	But	one	also	has	the	matrices	of	Pauli	ãhorto	’1,	ãhorto’	2,	ãhorto	’3	{\
displastyle	\	sigma	_	{1},	\	sigma	_	{2},	\	sigma	_	{3}};	These	are	2x2	complex	matrices	that	have	the	algebra	owned	by	lie	which	is	ãhorto	’1	ãhorto’	2	ã	¢	ë	†	â	€	ã	é	22	’2	é	22’	1	=	ãhorto	’3	{\	displaystyle	\	Sigma	_	{1}	\	Sigma	_	{2}-\	Sigma	_	{2}	\	Sigma	_	{1}	=	\	Sigma	_	{3}}	and	therefore	these	modne	the	behavior	x	y	y	¢	ë	†	â	€	™	y	x	=	z	{\
Displaystyle	xy-yx	=	z}	of	infinitesimal	rotations.	It	therefore	considers	the	product	ãhorto	’â	€	â	€	ã	â	€	â	€	¦	V	ã	¢	â	€	â	€	Â	€	™	=	V	1	ãhorto’	1	+	V	2	ãorth	’2	+	V	3	ue	ãhorto	’3	{\	displays	{\	vec	{\	sigma}}	\	cdot	{\	vec	{v}}	=	v_	{1}	\	sigma	_	{1}+v_	{2}	\	sigma	_	{2}+v_	{3}	\	Sigma	_	{3}}.	The	"double	coverage"	is	the	property	that	there	is	no
one,	but	two	matrices	2x2	s	{\	displastyle	s}	such	that	s	ã	¢	†	'1	(ãorth	’ã	¢	â	€	â	â	€	œ	Ã	¢	â	€)	S	=	R	V	ã	¢	â	€	'{\	displaysle	S^{-1}	({\	vec	{\	Sigma}}	\	Cdot	{\	vec	{v}})	s	=	r	{\	vec	{v	}}	here,	s	ã	¢	ë	†	â	€	â	€	1	{\	dysplaylestyle	s^{-1}}	indicates	the	inverse	of	s	{\	dysplaystyle	s};	that	is,	ã	¢	ë	†	â	€	™	s	=	s	s	ã	¢	ë	†	â	€	™	1	=	1.	{\	dongestyle	s^{-1}
s	=	ss^{-1}	=	1.}	the	matrix	s	{	\	Displaystyle	s}	is	a	up	(2),	and	so	for	each	matrix	r	{\displaystyle	r}	in	SO	(3),	there	are	two	matching	s	{\displaystyle	s}:	both	+	s♪	S	secirtam	eht	ot	gnidrocca	etator	,selcitrap	2/1-nips	eht	,sronips	eht	,revewoH	.	I'm	sorry.	2	/	̧Î	̧î	soc	a	evah	lliw	}S	elytsyalpsid	♪	♪	̧Î	̧^	soc	a	evah	lliw	xirtam	}R	elytsyalpsid\{	♪	♪	♪	♪	♪
♪	♪	♪	♪	♪	♪	♪	♪♪	♪♪	♪♪	♪♪	♪♪	♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪♪	?	?	?	?	?	R	snoitator	llams	fo
ecneuqes	a	redisnoc	nac	eno	:esicerp	etiuq	si	sihT	.	S+	elytsyalpsid	I'm	sorry.	S+=	Z	2	{\	DisplayStyle	\	pi	_	{1}	(so	(3))	=	\	mathbb	{z}	_	{2}}	where	the	coverage	group	z	2	=	{	+	1,	âˆ	’1}	{\	DisplayStyle	\	Mathbbb	{Z}	_	{2}	=	\	{	+1,	-1	\}}	only	codifies	the	two	equivalent	rotations	+S	{\	DisplayStyle	+S}	and	âˆ'S	{\displaySty	In	this	sense,	the
rotation	group	provides	the	door,	the	key	to	the	kingdom	of	vast	traits	of	higher	mathematics.	See	also	Orientation	Entenglement	Plate	Trick	References	Piet	Hein,	www.piethein.com,	downloaded	on	13-12-2011	American	scientific	excerpt	from	the	book	by	M.	Gardner:	the	new	mathematical	diversions	of	Martin	Gardner	from	Scientific	American,
Simon	and	Schuster,	1996,	1996,	1996,	1996,	1996,	1996,	1996,	1996,	1996,	1996	ISBN	978-0-671-20989-6	M.	Gardner:	Packing	balls,	Lewis	Carroll	and	Reverses:	the	new	mathematical	diversions	of	Martin	Gardner	archived	2012-04-06	at	Wayback	Machine,	Cambridge	University	Press,	September	2009,	ISBNâ	978	-0-521-75607-5	Tangloids,
YouTube	recovered	from	"	This	article	includes	a	list	of	general	references,	But	there	are	sufficient	matching	quotes	in	line.	Please	help	improve	this	article	by	introducing	more	precise	quotes.	(June	2016)	(Discover	how	and	when	to	remove	this	model	message)	Stereographic	projection	of	hypersfera	(red),	meridians	(blue)	and	hypermerids	(green).
Since	this	projection	is	consistent,	the	curves	intersect	each	other	orthogonally	(in	yellow	spots)	as	in	4D.	All	curves	are	circles:	the	curves	that	intersect	âÿ	̈0,0,0,1âÿ	©	have	an	infinite	radius	(=	straight	line).	In	this	image,	the	entire	3D	space	map	the	surface	of	hypersphere,	while	in	the	previous	image	[Clearing	necessary]	the	3D	space	contained
the	shadow	of	the	mass	hypersphere.	3-sphere	direct	projection	in	3D	and	covered	spacesuperficial	grid,	which	shows	the	structure	as	3d	ball	stack	(2-spheres)	in	mathematics,	a	3	ball	is	a	esab	al	¨Ã	arefs-3	alled	enoisiv	atseuQ	.arefs	ert	alled	oppulivs	otseuq	id	ilgatted	i	rep	enoinretauq	nu	id	eralop	enoizisopmoced	al	ideV	.enoinretauq	id
enoizacilpitlom	allen	atlovnioc	oizaps-4	alled	eralop	atsiv	allen	etnatropmi	¨Ã	arefs-3	al	idniuq	,iranalp	iralop	etanidrooc	el	rep	etnatropmi	¨Ã	oiratinu	oihcrec	li	emoc	oirporP	.noinretauQ	enoisivid	alled	ollena'llen	rosreV	li	noc	arefs-3	al	acifitnedi	is	amron	id	inoinretauq	emoc	enoizircsed	atseuQ	}.}\	ortsed	\	1	=	|	\	q	|	\	:}h{	bbhtam	\	ni	\	q{	\	tfeL	\	=
}3{^s	elytSyalpsiD	\{	.}1	=	-	¬​â	¢Ã	Q	-	¬​â	¢Ã	:H	​Ë​Ë¢Ã	Q{	=	3	S	o	}}\	thgiR	\	1	=	}2{^|	}2{	_z	|+	.1	=	2	|	2	Z	|	+	2	|	1	Z	|	:2	c	​Ë​Ë¢Ã	)2	z	,1	z({	=	3	S	ad	atinrof	idniuq	eneiv	arefs-3		Ãtinu'L	.)H(	inoinretauq	o	)2C(	esselpmoc	inoisnemid	2	.}\	ortsed	\	1	=	}2{^}3{	_x+}2{^}2{	_x+}2{^}1{	_x+}2{^	}0{	_x	:}4{^	}r{	bbhtam	\	ni	\	)}3{	_x	,}2{	_x	,}1{
_x	,}0{	_x({	\	tfeL	\	=	}3{^	s	elytSyalpsiD	\{	.}1	=	2	3	x	+	2	2	x	+	2	1	x	+	2	0	x	:4	r	​Ë​Ë¢Ã	)3	x	,2	x	,1	x	,0	x({	=	3	s	:3s	atacidni	otilos	id	¨Ã	de	arefs-3		Ãtinu	atamaihc	¨Ã	1	oiggar	noc	enigiro'llus	atartnec	arefs-3	aL	}.	}2{^r	=	}2{^)}3{	_c-	}3{	_x(+}2{^)}2{	_c-	}2{	_x(+}2{^)}1{	_c-	}1	{	_x(+}2{^)}0{	_c-	}0{	_x(	=	}2{^)}i{	_c-	}i{	_x(	}3{^}0	=	i{	_
mus	\	elytSyalpsiD	\{	.2	r	=	2	)3	c​​â	​Ë¢Ã	3	x	(	+	2	)2	c'	​Ë¢Ã	2	x(	+	2	)1	c	'​Ë¢Ã	1	x(	+	2	)0	c	​​â​Ë¢Ã	0	x(	=	2	)i	c'	​Ë¢Ã	i	x(	3	0	=	i"	​Ë	¢Ã	ehc	)4R(	elanoisnemid-4	elaer	oizaps	ollen	)3x	,2x	,1x	,0x(	itnup	i	ittut	id	emeisni'l	¨Ã	R	SUIDAR	e	)3C	,2C	,1C	,0C(	ortnec	noc	3	arefs	anu	,etanidrooc	ni	enoizinifeD	.arefs-N	anu	e	dlofinaM-3	id	oipmese	nu	¨Ã	arefs-3	anU
.)inoisnemid	ert	noc	otteggo	nu(	arefs-3	anu	¨Ã	inoisnemid	orttauq	ni	allap	anu	id	etimil	li	,)elanoisnemidib	eicifrepus	anu	,arefs-2	o(	airanidro	arefs	anu	¨Ã	inoisnemid	ert	ni	allap	anu	id	enifnoc	li	emoc	a	etnemagolanA	.ossif	elartnec	otnup	nu	ad	itnatsidiuqe	itnup	id	emeisni'l	emoc	elanoisnemid-4	oedilcue	oizaps	ollen	otaroprocni	eresse	²ÃuP	.arefs
anu	id	ogolana	The	study	of	the	elliptical	space	developed	by	Georges	Lemaã	£	Â®tre.	[1]	Elementary	ownership	ownership	The	volume	of	three-dimensional	surface	of	a	3-separage	of	ray	r	è	s	v	=	2	HELE	â‚¬	2	r	3	{\	displastyle	sv	=	2	\	pi	^{2}	r	^{3}	\,}	The	dimensional	hypervolume	(the	content	of	the	4-dimensional	region	delimited	by	the	3-Sife)
is	h	=	1	2	ãho	â‚¬	2	r	4.	{\	displaysstyle	h	=	{\	franc	{1}	{2}	}	\	pi	^{2}	r	^{4}.}	Any	intersection	not	empty	of	a	3-sepper	with	a	three-dimensional	hyperplana	is	a	2-span	(unless	the	hyperplane	is	tangent	to	the	3-span,	in	which	case	the	intersection	is	a	single	point).	While	a	sphere	3	moves	through	a	certain	three-dimensional	hyperplane,	the
intersection	begins	as	a	point,	it	becomes	a	growing	2-span	that	reaches	its	maximum	dimension	when	the	hyperplane	crosses	the	3-span	"equator".	Then	sphere	2	narrows	again	until	a	single	point	while	the	3-Sife	leaves	the	hyperplane.	In	a	three-dimensional	hyperplane,	a	3-sphere	sphere	can	rotate	around	a	"equatorial	plan"	(analogous	to	a	sphere
2	that	revolves	around	a	central	axis),	in	which	case	it	seems	to	be	a	2-separage	whose	size	is	constant.	Topological	properties	A	3	sphere	is	a	compact,	connected,	three	-dimensional	variety	without	border.	It	is	also	simply	connected.	This	that	this	means,	in	a	broad	sense,	is	that	any	cycle	or	circular	path,	on	the	3-sepper,	can	be	continuously
reduced	to	a	point	without	leaving	the	3-sepper.	The	Poincarã	©	conjecture,	demonstrated	in	2003	by	Grigori	Perelman,	provides	that	the	3-Sife	is	the	only	three-dimensional	variety	(up	to	the	epourageousness)	with	these	properties.	The	3-sphere	is	omeomorphic	to	compactification	to	a	point	of	R3.	In	general,	any	topological	space	that	is
omeomorphic	to	the	3-separage	is	called	3-spite	topological.	The	3-Sife-homology	groups	are	as	follows:	H0	(S3,	Z)	and	H3	(S3,	Z)	are	both	infinite	cyclic,	while	hi	Z)	=	{}	for	all	the	other	indices	i.	Any	topological	space	with	these	homology	homology	,Erehps	that	no	sdleif	rotcev	tnednepni	roenil	fo	rebunm	eht	fos	noissucsid	lareneg	.	Eht	rof	a
gnimrof	sdleif	rotcev	is	arnairavni-tfel	yna	Eb	t	nyam	yam	Eseht	.sdleif	rotcev	gnihssinavnon	dna	tnednepnilenil	eerht	dnif	snotle	snotterit	snongtettetterit	snonterit	sdis	Eminnu	.)	Bark	elcrr	Ees(	Erehps-1	eht	dna	erehps-0	eht	era	erurts	a	hcus	htw	cerehp	rehto	ylno	eht	.)	TCAF	morf	smet	smet	erehps-3	eht	fo	yrtemoemoem	gniteretni	eht	FO	hcum
.suidar	eht	r	erehw	2r/1	ot	lauqe	erutavruc	lanoitces	dcutisosp	3	eht	no	cirtem	secudni	4r	no	cirtem	edilcue	Eht	.4r	Fo	Dlofines	Deddebme	Desolc	that	,tcaf	,dlofinam	htooms	which	yllutan	ni	Erehps-3	eht	seightrepop	cirtemoeg	6z	2z	2zâ2z	2z	2z	2z	2z	¢2z	¢2z	¢2z	¢2z	¢2z	¢2z	¢2z	¢2z	¢2z	¢2z	¢21z	2Zââšâšã¢2z	2z	51z	31z	21z	21z	0	0	0	0	)(Kâ€S	61	61
61	51	41	31	21	3	2	3	21	.serehps	fo	spark	ypotomoh	Eessucsid	Erom	rof	.Netptap	Elbinrecsid	Elbinrehrehto	tub	nailed	etiniif	â¥â‰â	spotomoh-rehgih	shoped	â₢‣(	spark	3â	ht	.	)3s(2â€ã	=	)3s(1â€ã	evah	ew	,spy	ypotomoh	eht	ot	on	.errehps-3	eht	ot	ot	cihpromoemoh	ton	era	eracipyt	;erehps	yhpps	yvig	ehpps-3	ehpps-3	epols	htiw	gnillif	nheD	a
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nu	id	enifnoc	li	e	2	a	allap	anu	¨Ã	since	they	are	subject	to	the	condition	that	x02	+	x12	+	x22	+	x32	=	1.	How	tomanifold	one	should	be	able	to	parameterize	S3	from	three	coordinates,	just	as	you	can	parameterize	the	biosphere	using	two	coordinates	(such	as	latitude	and	longitude).	Due	to	the	unbanal	topology	of	S3	it	is	impossible	to	find	a	single
set	of	coordinates	that	cover	the	entire	space.	Just	like	on	the	2-sphere,	you	have	to	use	at	least	two	coordinate	charts.	Below	are	several	coordinate	choices.	Hyper-spherical	coordinates	It	is	convenient	to	have	a	sort	of	hyperspherical	coordinates	on	S3	in	analogy	to	the	usual	spherical	coordinates	on	S2.	πτη	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο
ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	ο	Note	that,	for	any	fixed	value	of	ψ,	θ	and	φ	parameterize	a	2-sfera	di	ray	r	sin	ψ,	except	for	degenerated	cases,	when	ψ	equals	0	or	π,	in	this	case	describe	a	point.	The
round	form	of	3	points	in	these	coordinates	is	given	by[citation	needed]	d	2	=	r	2	[	d	ψ	2	+	sin	2	τ	ί	π	2	φ	2	φ	2	)	]	{\displaystyle	ds^{2}\left[d\psi	^{2}\sin	^{2}\psi\psi\psi\psi\v	These	coordinates	have	an	elegant	description	in	terms	of	quarters.	Any	quaternion	q	unit	can	be	written	as	a	verse:	q	=	e	τ	ψ	=	cos	⁡	ψ	+	τ	sin	⁡	π	{\displaystyle	q=e^{\tau
\psi	}=\cos	\psi	+\tau	\sin	\psi	}	where	τ	is	a	unit	imaginary	quaternion;	that	youA	quaternion	that	satisfies	ï	’"	2	=	âgest'1.	This	is	the	Quaternonic	analogy	of	the	Euler's	formula.	Now	the	imaginary	quaternions	unit	everyone	finds	on	the	unit	2-Sife	in	im	h	so	any	such	ï	"can	be	written:	ï’	=	(so	â	¡î¸	î¸)	i	+	(sin	¡î¸	COS	†	ï	ternal)	J	+	(Sin	â	¡î	î	â	Â	¡ï	ï	ï	ï
ternal)	K	\	{Displaystyle	\	tau	=	(COS	\	theta)	i	+	(with	ï	ï	"in	this	form,	the	quaiternion	unit	q	It	is	given	by	q	=	e	ï	pi	’’	=	x	0	+	x	1	i	+	x	2	j	+	x	3	k	\	{displaystyle	q	=	e^{\	tau	\	psi	translation:	where	x0,1,2,3	are	like	Above.	When	q	is	used	to	describe	space	rotations	(cf.	Quaternions	and	spatial	rotations),	describes	a	rotation	about	ï	"through	an	angle
of	2ïncy.	So	by	compressing	R3	to	a	ball.	This	image	shows	points	on	S2	and	their	corresponding	fibers	with	the	same	color.	For	the	unit	radius,	another	choice	of	hypersferic	coordinates,	(î	·,	îδ,	îsis),	makes	use	of	integration	of	S3	in	C2.	In	the	complex	coordinates	(Z1,	Z2)	|	C2	we	write	Z	1	=	and	the	îδ	1	Sin	â	¡î	·	z	2	=	and	i	îδ	2	cos	â	¡î	·.	\
{Displaystyle	Start	{Aligned}	z_	{1}	&	=	e^{i	\,	\	xi	{_1}}	\	Sin	\	eta	z_	{2}	&	=	e^{i	\,	\	xi	{_2}}	\	cos	\	ETA	\.End	{Aligned}	This	could	also	be	expressed	in	R4	as	x	0	=	Cos	â	¡SIN	SIN	â	¡î	·	x	1	=	Sin	œ	îmber	1	Sin	¡î	·	x	2	=	Cos	â	¡Îδ	2	cos	â	¡î	x	3	=	Sin	â	¡2	Cos	â	¡î	·	\	{Displaystyle	Start	{Align}	x_	{0}	&	=	\	Cos	\	xi	{_1}	\	Sin	here	î	·	It	passes	over
range	0	to	ï	€/2,	and	îδ	and	îδ	can	take	any	value	between	0	and	2ï	€.	These	coordinates	are	useful	in	the	description	of	the	3-Sife	as	the	HOPF	S	1	â	†	’s	3	â’	S	2	bundle.	\	{Displaystyle	s^{1}	\	to	s^{3}	\	to	s^{2	\},	a	diagram	depicting	the	Poloidale	Directorate	(îsis),	represented	by	the	red	arrow,	and	the	Toroidal	Management	(îsis),	=	u	e	oiratinu
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degenerate	case	S0	that	that	²Ãup	)2(	us	​Ë¢Ã	u	oirartibra	otnemele	nu	ehc	edev	iS	.iluaP	id	icirtam	elled	eraenil	enoizanibmoc	anu	id	elaiznenopse	emoc	)2(	US	id	otnemele	nu	id	ecirtam	alled	enoizatneserppar	aL	omaimirpse	es	¨Ã	otatlusir	otseuq	eracidni	rep	odom	ortla	nU	}.}xirtaMp{	dne	\	ate	\	nis	\	}}1{	_	ix	\	,\	i-{^e	&	ate	\	soc	\	}}2{	_	ix	\	,\	i	-
{^e-\\	ate	\	soc	\	}}2{	_	ix	\	,\	i{^e	&	ate	\	nis	\	}}1{	_	ix	\	,\	i{^e	}xirtaMp{	nigeB	\{	elytSyalpsiD	\{	.)·Â	®Ã¡Â	¢Ã	otaccep	1	¾Â®Ã	i	'​Ë¢Ã	e	·Â	®Ã¡Â	¢Ã	soc	2	¾Â®Ã	i'	​Ë	¢Ã	¢Ã	e​​â	​Ë¢Ã	·Â	®Ã¡Â	¢Ã	soc	2	¾Â®Ã	i	e	·Â	®Ã¡Â	¢Ã	otaccep	1	¾Â®Ã	i	e(	amrof	allen	)2(	us	id	otnemele	isaislauq	erevircs	idniuq	omaissop	)2¾Â®Ã	,1¾Â®Ã	,·Â	®Ã(	fpoh
etanidrooc	ertson	el	odnasU	.)2(	US	id	ofromosi	¨Ã	eigub	id	oppurg	emoc	3S	,otnatreP	.)2(	US	oiratinu	oppurg	elaiceps	ol	oirporp	¨Ã	ecirtam	a	oppurgottos	otseuQ	.oiratinu	etnanimreted	noc	arpos	amrof	alled	icirtam	ad	otinrof	idniuq	eneiv	eiratinu	inoinretauq	id	emeisni'L	.Q	id	ecirtam	alled	enigammi'lled	etnanimreted	led	atardauq	ecidar	alla	elaugu
ais	Q	enoinretauq	nu	id	otulossa	erolav	li	ehc		Ãteirporp	al	aH	.esselpmoc	icirtam	2	-	​Ã	¢Ã2	id	tes	la	h	ad	h	ad	ovitteini	arbegla	omsifromomo	nu		Ãd	appam	atseuQ	}.}}xirtaMp{	dne	\	}2{	_xi-	}1{	_x	&	}4{	_xi+}3{	_x-\\	}4{	_xi+}3	{	_x	&	}2{	_xi+}1{	_x	,\	;\	;\	}xirtaMp{	oizini	\{	otspam	\	k	}4{	_x+j	}3{	_x+i	}2{	_x+}1{	_x	elytSyalpsiD	\{	.)2	x	I'	​Ë¢Ã	1
x	4	x	i	+	3	x​​â	​Ë¢Ã	4	x	i	+	3	x	2	x	i	+	1	x(	¦Â		​â	¢Ã	k	4	x	+	j	3	x	+	i	2	x	+	1	x	:iluaP	id	icirtam	ellad	atad	¨Ã	etneinevnoc	atlecs	anU	.3S	id	ecirtam	a	enoizatneserppar	anu	eneitto	is	,H	,inoinretauq	ied	ecirtam	a	enoizatneserppar	anu	odnasU	.7S	e	3S	,1S	onos	ilibazzilellarap	erefs	ehcinu	el	ehc	erpocs	iS	.	Ãtilibazzilellarap	:etnatropmi		Ãteirporp	anu	7S	a
erffo	acinoinoco	arutturts	aL	.avitaicossa	non	¨Ã	noinotcO	id	enoizacilpitlom	al	©Ãhciop	ecsillaf	otseuq	am	,eigub	id	oppurg	nu	eramrof	,snoinotcO		Ãtinu	id	emeisni'l	,7S	ehc	erasnep	ebbertop	iS	.)elanoisnemid-0	es	ehcna	,eigub	id	oppurg	nu	ehcna	¨Ã	1​​â​Ë¢Ã	e	1	ilaer	iremun	ied	WRITING	HOW	U	=	Exp	Ã	¢	â	"Â	¢	Ã	Ã	Ã	Ã	Ã	Ã	¢	I	=	1	3	Ã	ã	ã	ã	ã	our	±	i
j	i).	{\	DisplayStyle	u	=	\	left	(sum	_}}	\}}	\}	[i}	[].	[]	The	condition	of	the	Ea	(¨¨	+1	+1	That	coefficients	î	±	1	are	bound	to	lie	on	a	3-sphere.	In	literature	to	Edwin	Abbott	Abbott's	Flatland,	published	in	1884	and	Sphereland,	a	1965	sequel	to	Dionys	Burger's	Flatland,	the	3-sphere	is	called	an	over-sphere	and	a	4	ball	is	called	an	hypersphere.	Writing
in	the	American	Journal	of	Physics,	[4]	Mark	A.	Peterson	describes	three	different	ways	of	displaying	3-spheres	and	indicates	the	language	in	the	divine	comedy	that	suggests	that	Dante	saw	the	universe	in	the	same	way;	Carlo	Rovelli	supports	the	same	idea.	[5]	In	art	he	encounters	mathematics	in	the	fourth	dimension,	[6]	Stephen	L.	Lipscomb
develops	the	concept	of	the	dimension	of	hypershere	in	relation	to	art,	architecture	and	mathematics.	See	also	1-sfera,	2-sfera,	n-sfera	tict,	polychoron,	simplex	matrices	Rotating	group	so	(3)	charts	on	so	(3)	quaternions	and	spatial	rotations	bundle	hopf,	Riemann	spheres	poincarã	©	spheres	reebred	clifford	references	Georges	Lemaã®tre	(1948)
"Quaternions	et	et	espace	Elliptique",	Acta	Pontifical	Academy	of	Sciences	12:	"78	Banchoff,	Thomas.	"The	flat	bull	in	the	three	sphere."	Schwichtenberg,	Jakob	(2015).	Physics	from	symmetry.	Cham.	ISBN	978-319-19201-7.	OCLCâ	910917227.	"Dante	and	3-sphere."	American	Journal	of	Physics.	47	(12):	1031â	€	“1035.	Bibcode:	1979amjph..47.1031p.
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